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» Introduction

» Propositional Logic
» First-Order Logic

» Challenge Problems

"Logic is everywhere ..."”
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Introduction: Connectionist Systems

» Well-suited to learn, to adapt to new environments, to degrade gracefully etc.
» Many successful applications.
» Approximate functions.

> Hardly any knowledge about the functions is needed.
> Trained using incomplete data.

Declarative semantics is not available.
Recursive networks are hardly understood.
McCarthy 1988: We still observe a propositional fixation.

v v.vyy

Structured objects are difficult to represent.

> Smolensky 1987: Can we instantiate the power of symbolic
computation within fully connectionist systems?
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Introduction: Logic Systems

\4

Well-suited to represent and reason about
structured objects and structure-sensitive processes.

Many successful applications.

Direct implementation of relations and functions.
Explicit expert knowledge is required.

Highly recursive structures.

Well understood declarative semantics.

Logic systems are brittle.

vV v vy vV vV VY

Expert knowledge may not be available.

> Can we instantiate the power of connectionist computation
within a logic system?
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Introduction: Objective

» Seek the best of both paradigms!
» The Neural-Symbolic Learning Cycle:

writable embedding
Symbolic Connectionist g-
System System &
readable extraction

» Well developed for the propositional case.
» Hard problem: going beyond.
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Introduction: In this Tutorial

» Logic programs and recurrent networks.

» Semantic operators for logic programs can be computed
by connectionist systems.

» Semantic operators can be learned.
» Logic programs can be extracted.

Neural Symbolic Integration using the Core Method

ICCL
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Proposititonal Logic Programs and the Core Method

The Very Idea

Logic Programs

Propositional Core Method

Backpropagation

Knowledge-Based Artificial Neural Networks
Propositional Core Method using Sigmoidal Units

vV v vy vV v VY

Further Extensions
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The Very ldea

» Various semantics for logic programs coincide with fixed points of associated
immediate consequence operators (e.g., Apt, vanEmden 1982).

» Banach Contraction Mapping Theorem A contraction mapping f defined on
a complete metric space (X, d) has a unique fixed point. The sequence
vy, f(y), fF(f(y)), ...converges to this fixed point for any y € X.

> Fitting 1994: Consider logic programs,
whose immediate consequence operator is a contraction.

» Funahashi 1989: Every continuous function on the reals can be uniformly
approximated by feedforward connectionist networks.

> Holldobler, Kalinke, Storr 1999: Consider logic programs,
whose immediate consequence operator is continuous on the reals.
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Propositional Logic Programs

>

vV v vy Vv Yy

A propositional logic program P over a propositional language £
is a finite set of clauses
A(—Ll/\.../\Ln,

where A is an atom, L; are literals and n > 0.
P is definite ifall L;, 1 < ¢ < n are atoms.

Let V be the set of all propositional variables occurring in L.
An interpretation I is a mappingV — {T, L}.

I can be represented by the set of atoms which are mapped to T under 1.

2" is the set of all interpretations.
Immediate consequence operator Tp : 2Y — 2V:

Tp(I) = {A | thereisaclause A — L; AN...ANL, € P
suchthat =L, AN... A L,}.

I is a supported model iff Tp(I) = I.

ICCL
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The Core Method

Let £ be a logic language.

Given a logic program P together with immediate consequence operator 7T7p.
Let Z be the set of interpretations for P.

Find a mapping ¢ : Z — R".

vV v vy VvV Yy

Construct a feed-forward network computing f» : R® — R", called the core,
such that the following holds:

> fTp(I) = J then fp(c(I)) = o(J),where I, J € I.
> If fp(5) = tthen Tp(.'(5)) = .~ '(t), where 5,t € R™.
» Connect the units in the output layer recursively to the units in the input layer.

» Show that the following holds

> I = Ifp(Tp) iff the recurrent network converges to or approximates ¢(I).

Connectionist model generation using recurrent networks with feed forward core.

ICCL
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Propositional Core Method using Binary Threshold Units

» Let L be the language of propositional logic over a set V of variables.
» Let P be a propositional logic program, e.g.,

P={p, r<—pA—q, v pAgqg}.

» T = 2V is the set of interpretations for P.
» Tp(I)={A|A~— L iAN...ANL,, € Psuchthatl = L, A... AN\ L,}.

Tp(0) = {p}

Tr({pr}) = {p,7}

T’P({pa ’I"}) — {p7 ’I"} = Ifp (T'P)
ICCL
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Representing Interpretations

» T =2V
» Let n = |V| and identify V with {1,...,n}.
» Define. : Z — R" suchthatforalll < 5 < n we find:

ani= {3 bist

E.g.,ifV ={p,q,7} ={1,2,3}and I = {p,r} then.(I) = (1,0, 1).
» Other encodings are possible, e.g.,

L(Dlg] = { 1—1 ::; éi,

ICCL
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Computing the Core

» Consideragain» = {p, » <— p A =g, » «<— —p A g}.
» A translation algorithm translates 7P into a core of binary threshold units:

3

NE |
NE | @
€

output layer

%1% | § | hidden layer
3| 5| 3 | inputlayer
p q T

ICCL
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Some Results

» Proposition 2-layer networks cannot compute 77» for definite P.
» Theorem For each program P, there exists a core computing T’p.
» Recall P = {p, » «— p A —q, 7 +— —p A qg}.

» Adding recurrent connections:

ICCL
International Center for Computational Logic
Algebra, Logic and Formal Methods in Computer Science
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Strongly Determined Programs

» A logic programs P is said to be strongly determined if there exists a metric d on
the set of all Herbrand interpretations for P such that T’ is a contraction wrt d.

» Corollary Let P be a strongly determined program. Then there exists a core
with recurrent connections such that the computation with an arbitrary initial input
converges and yields the unique fixed point of T7.

» Let n be the number of clauses
and m be the humber of propositional variables occurring in P.
> 2m + mn units, 2mmn connections in the core.
> Tp(I)is computed in 2 steps.
> The parallel computational model to compute T’ (I) is optimal.
> The recurrent network settles down in 3n steps in the worst case.

» See Holldobler, Kalinke 1994 or Hitzler, Holldobler, Seda 2004 for details.
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Bipolar Binary Threshold Units

» wuy is a bipolar binary threshold unit if

(i) = P = Y v, Wkiv;
{ 1 if pp > O

U(pr) = vp = —1 otherwise

where 0, € R is a threshold.

» In the following section on rule extraction bipolar binary threshold units
will be used.

ICCL
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Rule Extraction - A Naive Pedagogical Approach

a b g h
-1 -1 -1 +1
-1 +1 +1 +1
+1 -1 +1 +1
+1 +1 -1 +1

P={g «— —-a ANb, h «— —a A Db,
g «— a N\ b, h «— a N\ b,

h «— —a A b, h + aAb}

simplified form:

P={g«— anb, g« aAN-b, h}

ICCL
International Center for Computational Logic
Algebra, Logic and Formal Methods in Computer Science
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Rule Extraction — COOP: A New Decompositional Approach

» A network consisting of a set of input units connected to a single output unit a is
called a perceptron (denoted N/,).

-3.0
2.0

» The positive form Nj of a given perceptron N/, is obtained by multiplying all
negative weights with —1 and negating the corresponding input symbols.

» The negative form N of a given perceptron A/, is obtained by multiplying all
positive weights with —1 and negating the corresponding inputs.

ICCL
International Center for Computational Logic
Algebra, Logic and Formal Methods in Computer Science 17
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Positive and Negative Forms of Perceptrons

ICCL
International Center for Computational Logic
Algebra, Logic and Formal Methods in Computer Science
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Input Patterns

» Let N, be a perceptron and U the set of input units. I C U is called input pattern.

> The minimal input wrt I is defined as
tmin(1) = Zie[ Wai — ZueU\I | waul-

> The maximal input wrt I is defined as
tmax(I) = D jer Wai + ZuEU\I | Waul-

> imin({c,d}) = 1.0 + 2.0 — 3.0 — 5.0 = —5.0,
> imax({c,d}) = 1.0 + 2.0 + 3.0 + 5.0 = 11.0.

ICCL
International Center for Computational Logic
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Coalitions

» Let N/, be a perceptron with threshold 0 and I be some input pattern for N/,.

> I is called a coalition, if 2,,;,(I) > 6.
> A coalition is minimal, if none of its subsets is a coalition.

» In other words, a coalition of A/, activates a.

» {c,d,e, f},{c,d, f} and {e, f} are coalitions
with {¢c, d, f} and {e, f} being minimal.

ICCL
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Oppositions

» Let N/, be a perceptron with threshold 0 and I be some input pattern for A/,,.

> I is called a opposition, if 2,,ax(I) < 6.
> An opposition is minimal, if none of its subsets is an opposition.

» In other words, an opposition of A/, prevents a from becoming active.

» {—~f}, {—e, nd}, {—e, ~c} and all their supersets are oppositions with
{-f}, {—e, ~d} and {—e, —c} being minimal.

ICCL
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Extraction of Minimal Coalitions from Positive Perceptrons

» Consider A/, with threshold 6, = 4.

ICCL
International Center for Computational Logic
Algebra, Logic and Formal Methods in Computer Science
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Extraction of Minimal Oppositions from Negative Perceptrons

» The algorithm can be applied to extract oppositions if

> negative perceptrons are used instead of positive ones,
> the order of the nodes in the search tree is reversed and
> maximal inputs are computed instead of minimal ones.

» The two algorithms can be merged.

ICCL
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Composing the Intermediate Results

Minimal Coalitions Minimal Opp.
c | {{a}, {b}} {{—a, -b}}
d | {{—a,b}} {{a}, {—b}}
e | {{a,b}} {{—a}, {b}}
F | {0} 0
g {{e, f},{c,d, f}} {f{ﬂf}a {;:“;9 —d},
h | {{~d}, {f}} {{d, ~£}}
g — (enNf)V(iendN]S)

<~ (a,/\—lb)\/(—la/\b)
h «— —=dVf

— T

ICCL
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COOP: Final Remarks

» COOP is based on Mayer-Eichberger:2006.
» Computations are by need.

» The extraction algorithm is exponential in the worst-case,
but shows good average-case behavior in a prototypical implementation.

» It is currently being re-implemented and thorougly tested.
» Future work:

> In-depth comparison to other approaches.
> Extension to bipolar sigmoidal units.
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