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Abstract

In this paper we present the fuzzy description logic
ALCFrg introduced, where primitive concepts are
modified by means of hedges taken from hedge al-
gebras. ALCpy is strictly more expressive than
FuzzyALC defined in [11]. We show that given a
linearly ordered set of hedges primitive concepts can
be modified to any desired degree by prefixing them
with appropriate chains of hedges. Furthermore, we
define a decision procedure for the unsatisfiability
problem in ALCry , and discuss knowledge base
expansion when using terminologies, truth bounds,
expressivity as well as complexity issues. We ex-
tend [8] by allowing modifiers on non-primitive con-
cepts and extending the satisfiability procedure to
handle concept definitions.

Key words: fuzzy logic, hedge algebras, description
logic

1 Introduction

In many areas of computer science and artificial in-
telligence logic has been accepted as the mathemati-
cal foundation for knowledge representation and rea-
soning. Beyond that it has been recognized that the
logic itself can be used as computation unifying in an
almost ideal way declarative and operational seman-
tics. Among the many applications description log-
ics have been particularly successful (see e.g. [2, 4]).

*This author is supported by hybris GmbH within the project
ISeC—Intelligent Systems of e-Commerce.

The main task of a description logic is to fix a ter-
minology by describing concepts and their relations,
and to provide (decidable) key services for reasoning
wrt this terminology like, for example, subsumption
and unsatisfiability testing.

In all applications of description logics that we are
aware of, except [11] and [12], concepts are crisp
unary relations, i.e., an object may or may not be an
element of a particular concept. On the other hand,
in many real-world applications like, for example,
intelligent e-commerce information is often vague
and imprecise. We may observe that a customer is
interested in technical aspects, whereas he or she is
not interested in design issues. Fuzzy set theory in-
troduced by Lotfi A. Zadeh (see e.g. [13]) provides
an ability to denote non-crisp concepts, i.e., an ob-
ject may belong to a certain degree (typically a real
number from the interval0, 1] ) to a particular rela-
tion. For instance, the semantic content of customer
Robert being interested in technical aspects may be
described by means of a statement like “Robert is
interested in technical aspects” and establishing that
this sentence has a degree, or truth-valug).8f

Humans typically use linguistic adverbs like
“very”, “more or less” etc. to distinguish, for exam-
ple, between a customer who is interested in tech-
nical details and one who is very interested in these
details. In [1] Zadeh introduces so-called linguistic
hedges modifying the shape of a fuzzy set by trans-
forming it into another. For instance, he introduced
the operatorCON (for “contraction”) that maps the
membership functionu, of a fuzzy setA to a
membership function:..,, 4 that has high degrees
of membership only for those elements of the do-



main, that belong “very much” tad. In other words,

the degree of membership for elements that already
had a low degree of membership i is decreased,
whereas the degree of membership for elements with
a high degree of membership is left high. Techni-
cally, Zadeh achieves this by simply raising the de-
gree of membership to thg-th power, whereg > 1

is a constant which can be fixed by the application.
For example, pyery a(u) = pa(u)?. This techni-

cal solution calls for the introduction of an opposite
operatorDIL (for dilation) that maps the degree of
membership to thes’-th power, whered < 3’ < 1,
thereby strengthening the degree of membership of
elements with small degree. One should note that
these hedges can be concatenated. For example, if
we want to consider elements that belong4d'very

very much”, thenu, can be transformed into its
32-th power by applying the operat@ON twice:
CON CONA.

Because the gap betweeh and CON A in this
setting is quite large, it seems a good idea to refine
this setting. In many human languages there is al-
most a continuum of phrases like “more or less”,
“much less”, “possibly rather” and so forth express-
ing different levels of emphasis. The so calkeztige
algebrasintroduced in [7, 6] give an algebraic struc-
ture that formally defines such hedges and structures
their relationships. They have been applied to fuzzy
logic in various ways (see e.g. [5]), but to our knowl-
edge, hedge algebras have not been applied as con-
cept modifiers in a description logic.

In this paper we apply linear ordered hedge al-
gebras as concept modifiers in the framework of a
fuzzy description logic. The paper is organized as
follows: In the following Section 2 we recall basic
notions from fuzzy description logics and the struc-
ture of hedges. In particular, we define an extended
fuzzy description logic with hedgegl LCrg. Con-
cept modifiers are formally introduced in Section 3,
and we describe an algorithm that maps each concept
modifier to an operator on membership functions. A
decision procedure for the unsatisfiability problem
of ALCFpyis presented in Section 4. Expressiv-
ity and complexity issues are discussed in Sections 5
and 6. The decision procedure is extended to knowl-
edge bases with terminologies in Section 7. Sec-
tion 8 disputes the problem of determining subsump-
tions. Finally, we discuss our findings in Section 9.

2 Logical Basics

2.1 Fuzzy Description Logic

Concepts are expressions that collect properties of
a set of individuals, described—among others—by
means of roles. From a first order logical viewpoint,
concepts can be seen as unary predicates, whereas
roles are interpreted as binary predicates. A concept
can be build out of primitive concepts, roles, mod-
ifiers and combinations of other concepts (see Ta-
ble 1). For the fuzzy extension, a concept rather
than being interpreted as a classical set, will be repre-
sented as a fuzzy set and, thus, concepts become im-
precise. Consequently, a statement like is C 7,
where ¢ is an individual, will have a truth-value in
[0,1] denoting the degree of the membershipf

in the fuzzy setC'.

C,D— A (primitive concept)
T (top concept)
L (bottom concept)
-C (negation)
M(C) (concept modification)
CnD (concept conjunction)
C 1D (concept conjunction)
VR.C'  (universal quantification)
JR.C  (existential quantification)

Table 1: The languagedLCry of the description
logic ALC extended by fuzzy hedges. As a nota-
tional convention,C and D denote conceptsA
primitive concepts,R roles andM concept modi-
fiers, all of them possibly with subscripts. As a syn-
tactical convenience, the parentheses around C may
be omitted in M(C) iff C is a primitive concept.

The semantics is based on the notion of an inter-
pretation. An interpretation is a paif = (A%, %)
consisting of an non-empty sek? (called the do-
main) and an interpretation functiod mapping in-
dividuals to elements oAZ, conceptsC' to a mem-
bership functionC? : AT — [0, 1], and rolesR to
a membership functionR? : AT x AT — [0,1].
Therefore, ifd € A is an object of the domain
AT, then C%(d) is the degree ofd being an ele-
ment of the fuzzy concepC under Z. Roles are
interpreted in the same way. The interpretation for
complex concepts is defined in Tablé 2.

Two conceptsC and D are said to beequiv-
alent (denoted byC = D) when C* = D? for
all interpretations Z.  For instance, T & -1,

1The similarity of the definitions of many of the operators de-
fined in Table 2 with fuzzy set operations [9] is intended.



AT AT — [0,1]
RT AT x AT — |0,1]

TE(d) = 1foralld € AT
1%(d) = 0foralld € AT
(CND)*(d) = min{C*(d), D*(d)}
(CuD)*(d) = max{C%(d), D*(d)}
(=C)*(d) =1~ C*(d)
(M(C))*(d) = nar(C*(d))
(VR.O) (d) = d/iengz{max{lfRI(d, d),Ct(d)}y
(3R.CY*(d) = sup {min{R*(d,d’),C*(d')}}

d’'eAT

Table 2: Interpretations A LCrg . nas IS amem-
bership modifier discussed later.

(CND)=~(-CU-D)
and (VR.C) = —(3R.-C).

A fuzzy assertion(denoted by ) is one of
(a>n), (a>n), (¢ < n), (¢« < n) and
(o = n) where « is an expression of type : C
(“a isin C"), (a,b) : R (“(a,b) isin R") and
n € [0,1]. From a semantical viewpoint, a fuzzy as-
sertion (o > n) constrains the fuzzy truth-valife
of « to be greater or equal ta. Formally, an inter-
pretationZ satisfies a fuzzy assertiofu: C > n)
(resp. ((a,b) : R > n)) iff C%T(a?) > n (resp.
R%(a®,b%) > n). The operators>, =, < and <
are interpreted in the same way. Two fuzzy asser-
tion ; and ¢, are said to bequivalent(denoted
by 1, =, ) iff they are satisfied by the same set of
interpretations.

A fuzzy terminological axiorns either auzzy con-
cept specializatiorof the form A :< C or afuzzy
concept definitiorof the form A := C. A special-
ization denotes the "more specific than-relation be-
tween concepts, and a definition denotes the equiva-
lence of concepts. A fuzzy interpretatidh satisfies
a fuzzy concept specializationl :< C iff for all
d € AT we find A%(d) < C%(d), whereasZ sat-
isfies a fuzzy concept definitiom := C' iff for all
d € AT we find AZ(d) = C%(d).

A fuzzy knowledge bask is the union of a fi-
nite set> 4 of fuzzy assertions and a finite s&tr
of fuzzy terminological axioms. An interpretatich
satisfies(or is amodelof) a fuzzy knowledge base
3 iff 7 satisfies each element &f. A fuzzy know-

2This fuzzy truth value corresponds to the membership value
of a in C whena = a : C, orof (a,b) in R when
o= (a,b): R.

ledge basentailsa fuzzy assertion) (denoted by
Y | ) iff every model of ¥ also satisfiesi.

Furthermore, letC' and D be two concepts,D

fuzzy subsume€’ with respect toX1 (denoted by
C =<x, D) iff for every modelZ of ¥ and for all
d € AT we find C%(d) < D%(d).

The problem of determining whethét = 1 is
called entailment problemwhether C' <y, D is
called fuzzy subsumption problerand whether:
is satisfiable is calledatisfiability problem

2.2 The Structure of Hedges

In fuzzy set theory, hedges ware defined as unary
operators which act on fuzzy sets, and form new
fuzzy sets [1], for instancejyerya(u) = pa(u)?,
where v an element of the univers& and 4

is the membership function of the fuzzy set.
Starting from a set of hedgedd, for example
{very, mol, rather, possibly} 2 a hedge algebra de-
fines an ordering relation< on linguistic terms.

In the work of Nguyen Cat Hetal [7, 5] linguis-

tic terms are defined as chains of hedges applied to
so called generators, whose truth value is modified
by the hedges. In the context of description logics
the generators are the primitive concepts. In this
paper, we assume tha¥ is linearly ordered such
that any two hedges are comparable. In the liter-
ature hedge algebras with partially ordered sets of
hedges are also studied by extending refined hedge
algebras with distributive properties. In principle,
the method for mapping linguistic terms to fuzzy sets
seems to be applicable in case of partially ordered
sets of hedges as well if a linearization of the order
is considered.

In contrast to the hedges introduced by Zadeh,
a chain of hedges has a meaning only taken as a
whole: each new hedge put in fromefinesthe
meaning of the others. Consider, for instance, the
hedge very. Intuitively, a chain containing sev-
eral very strengthens the meaning of a concept:
e <very < veryvery< ...,wheree is the empty
sequence of hedges. On the other hanather
should weakeha concept:rather < ¢ . Intuitively,
however, (very)"rather A for any n > 0 is still a
weaker concept thadl itself, i.e.

rather < veryrather < very very rather
< <e<very .

However, while DIL A is a weaker concept than
A, CONCONDILA is a stronger concept thaa .

3 mol is an abbreviation fomore or less
44Weaken” in the sense of subsumption: a concept is
weaker than a concepf' iff it subsumesC' .



This causes a discrepancy between the utilization of
linguistic terms made in natural language and the
mathematical representation obtained usiG@N
and DIL .

Furthermore, a hedge can be both positive and
negative wrt different others, i.e., it increase or
decrease their meaning, respectively. "Very”, for
example, is positive to "very” when it strength-
ens the effect:z < very x < very veryxz. On the
other hand, it can be at the same time negative to
other hedges like "possibly”, when it reduces its ef-
fect: possiblyx < very possiblyz < z, and, thus,
very possiblyz is less different from the original
meaningz than possiblyz.

An extensive discussion of hedge algebras, as
givenin[7, 5], is out of the scope of this paper. Thus,
we will only introduce those notions and properties
that will be used in the remainder of the paper. Two
linguistic termsw« and v areindependenif neither
of them can be formed by putting some more hedges
in front of the other. To capture this property for-
mally, we introduce H (z) as the set of linguistic
terms that can be formed by prefixing with chains
of hedges: H(z) = {dz | § is a chain of hedgés
Then, v and v are independent it ¢ H(v) and
v ¢ H(u). Consequently we have that ¢ H(v)
forall z € H(u). For two different hedges and
k , prefixing other hedge#’ and k¥’ to A and k
resp. can not change the semantical ordering rela-
tionship betweerhz and kz, i.e., K hz < k'kz iff
hx < kx.

In the next section we will define concept manip-
ulators using hedge algebras.

3 Concept Modifiers

Let us consider the setH = {hy,ha,....,hp}

of hedges, among which each element Bf is
either positive or negative wrt all primitive con-
cepts and all other hedges including itself. L@t
be the set of all primitive concepts. We define
sign: H x (HUQ) — {-1,1} with

sign(hi, h*) = {—1 ff h; !s neg.a.nve wrth*,

1 if h; is positive wrth*.
where h; € H, h* € H U . The mappingsign
tells us whetherh; increases or decreases the mean-
ing of h*, if h* € Q, or h*6 A, where h* is a
hedge, A is a primitive concept and is any chain
of hedges.

In ALCrg we introduce concept modifierd/
in form of a chain of hedges\ = k.kq—1 ...k

with k; € H, forall i =1, q. In this section we will
define a mappingys ¢ [0,1] — [0,1] that gives
each hedge chain a meaning within the interpreta-
tion defined in Table 2. We will follow the idea of
Zadeh to use power functions for this purpose.

Definition 1. A membership modifier is an exponen-
tial function n : [0,1] — [0,1] with n(z) = 27,
where 5 > 0.

So we have to calculate an exponehtfor each
sequence of hedges. In the following, we will
present an algorithnexponentwhich calculatess
for each hedge chain from a giving hedge &&trep-
resenting a membership modifier based on following
ideas:

e We extend the idea behind Zadeh's operators
CON and DIL discussed in the introduction
in that we keep the idea of taking a power
function with exponentss > 1 for positive
and 0 < 8 < 1 for negative hedges, but vary
the exponents depending on the hedge. For
instance when someone is 25 years, if the de-
gree of being “young” is0.8, then the degree
of being “very young” might be0.8% = 0.64,
whereas “more or less young” may have the
degree 0f0.8'/2 = 0.894 .

e Membership modifiers should preserve the
independence property of hedges. l.e., for
all h,h' k¥ € H we should find that
if hd < ko then W'ho < K'kd, where §
is a chain of hedges. In other word$/
and k£’ can not change the semantic or-
dering betweenhx and kx. As we will
show, this property carries over to the ex-
ponent, and thus, the modified concepts.
Note that this is different from Zadeh’s pro-
posal of CON and DIL : they are com-
mutative: CON DIL A = DIL CON A,
whereas we havevery rather < rather very
if rather < very.

e ThesetH* = {§ | is achain of hedgep of
all membership modifiers should be mapped
dense into the interva(0, o). |.e. we should
be able to approximate each value (i, o)
to any required precision by agwponent(d)
such thaté € H*. In case of 3 approaches
0, the correlative membership modifier may
change membership degrees of all individuals
to 1, and in inverse case, i comes close
to 400, then all membership degrees approx-
imate O (see Figure 1).

Based on the above ideas, we favor in this paper

an approach to construct membership modifiers in



HsA

0 :

Figure 1: The membership modifier 6fA.

which the greatest positive modifier (e.g. "very”)
behaves like the “traditional” operatd€ON. I.e.
we choose a valueupper > 1 as exponent for
CON, such that very A= CON A = AYPPeT
veryvery A= CON CON A = Auper®

and so forth. Likewise, we choose a value
0 < lower < 1 as exponent forDIL,
and treat the greatest negative modifier (e.g.
“less”) like DIL: lessA =DIL A = Alower
very lessd = DIL DIL A = A°"¢”  The values
upper and lower can be chosen arbitrarily in
the rangeupper > 1 and 0 < lower < 1 as
parameters for the algorithm below to build a family
of concept modifiers.

To simplify the computing process we as-
sume that H is linearly ordered, i.e., each two
hedges are comparable, and restrict ourselves to
hedge setsH of an even cardinality2p, and
sets of positive hedges and negative hedges of
the same sizep, i.e., we can represent{ as

= {h],hy,.. ,hp,fﬁ h3,....h}}, with pos-
itive hedges h{ < hj <..<hl and negative
hedgesh; <h, <..<h,. To avoid intermin-
gling between positive or negative hedges, we re-
strict the mapping sign such that for a given
h* either all positive hedgeshjr increase the
meaning of »* and all negative hedges, de-
crease the meaning, i.esign(h;,h*) = 1 and
sign(h; ,h*) = —1, or the other way around, i.e.,
for i = 1,p we have thatsign(h;", h*) = —1 and
sign(h; ,h*) = 1. For the purpose of this paper
we restrict sign such thatsign(h;, 4) = 1 and
sign(h; ,A) = —1 forall A€ Q andi = 1,p.
Thus, the calculated exponents are independent of
the concept they are calculated for.

The algorithm of calculating for a chain
M = kgkq—1 ... k1 of hedges is described in Fig-
ure 2. In the i-th step,sig indicates thatk; in-
creases (bysig = 1) or decreases (bgig = —1)
the value of 5,_1; B; will be the exponent for
kiki—1...k1; and (lo;,up,) defines the interval

Algorithm exponent

Constants: the valuesupper > 1, 0 < lower < 1,
the mappingsign : H x (HUQ) — {-1,1}

Input: Concept modifierM = kgkq—1 ... k1 with
k;,cHforal i=1,q

Output: The exponents

{
up, = upper; log =lower; [y=1;
mpos=1; mneg=1; sig =sign(ki,A);
for i=1to ¢ do{
compute the index such that
if ¢ > 1 then sig = sig x sign(k;, k;—1) ;
if sig =1 then{
B Bioy 4 =Bl (25 — 1)
= Bio1 + M x (24);
= Bi- 1+7“p’ Sty (2 - 9);
mneg 0;
if mpos=1 andj = p then{
f; = upper'; up, = upper*!; }
elsempos=0;

}
else{
mpos=10;
ﬂi = fiq - Bmlosn 12;‘)7 Lx (25 —1);
= [y — Bimilomt 12%501 Lx (25 —2);
loz /81 1= B 0int (2]) ;
if mneg=1 and] = p then{
B; = lower"; lo; = lower'** ;}
elsemneg=0;
}
return(g, );

}

Figure 2: The algorithm to calculate the expong¢ht
of membership modifief\/.




from which the exponent obk;k;_1 ...k, can be
obtained, where is any chain of hedges. The cal-
culation starts from(log, up,) = (lower,upper),
and this interval is successively shrunk depend-
ing on k;. In case of most changing positive
modifier (called the greatest positive modifier) like
"very very ...very’ we assigng; = upper
and up, = upperit!, to extend the interval for
0kiki—1...k1 to (lo;,+o00). In this casempos
remains at1l until the first k; with k; # h; is
encountered. Thempos is changed to 0, and the
interval is not extended further, but subdivided as
usual. mneg is dealt with in the inverse manner
such that the exponent af;k;_; ...k, canreceive
values in O, up; ).

In the following we will prove some properties
of the algorithm. In the proofs we will often need
to discuss what happens in the main loop, whose
behavior is different depending on the sequence
kik;_1...k1. To save space, we will define four
cases that will be referred to in the proofs by their
number. Let us denotd’; = % and

Iy = Zi=172=1 By induction it is easy to see that
'y >0 andT'; > 0 for all 4, and we distinguish
the cases:

(l) k; is pOSitive wrt k;_q...k1 and k;k;—1 ...k
is not the greatest positive modifier. Thus:

G = Bioi+T1x(25-1);
up;, = Bi—1+T1 x(2));
lo, = Bi—1+ 11 x (2] — 2)

(I k; is positive wrt k; _1...k; and k;k;_1 ...k
is the greatest positive modifier. Thus:

Bi = upper;
up, = uppert’;
|07; = /Bifl + Ty x (2]7 — 2)

(i) k; is negative wrtk;_,...k; and k;k;_1 ...k,
is not the greatest negative modifier. Thus:

Bi = Bic1—Tax(2j—-1);
up;, = Bic1—T2x (25 —2);
lo, = Bi—1—T2x(2)).

(IV) k; isnegative wrtk; ;...k; and k;k; 1 ...k
is the greatest negative modifier. Thus:

B; = lower?;
lo, = loweri*!;
up, = ,61',1 —TI's x (2p — 2)

Before turning to the properties of this algorithm
we would like to illustrate it be means of an example.

Example 1.
Consider H = {very, mol} with p = 1, upper =
2, lower = 0.5 and sign as follows:

| A | very | mol
1 1 —1
1

very
mol | -1 | —1

Applying the algorithm we obtain:

sig | mpos lo 6 | up
mneg

very 11 o] 1 2 | 4
mol -110 1] 025 ]| 05 1
veryvery| 1 |1 0 2 4 8
mol very | =1 0 O 1 1.5 | 2
verymol| 1 |0 O| 05 |075| 1
mol mol | —1| 0 1 {0.125|0.25|0.5

Let M = kqkq—1...k1 be a concept modifier,
the corresponding values are denotedlby;, 5/
and up,,. O is (4, the output of the Algorithm,
and loys, up,, arelo,, up,, which are calculated
in the g-th step, respectively. For examination of
the independence property we need the following
lemma.

Lemma 1. For any concept modifier M we find:
oy < Bar < upy,.

Proof. It is easy to prove in the cases (1), (III), (1):
Om < upy, and (1V):loys < By We have to con-
sider the case (Il), whethdo,; < (), is satisfied.

The case (1V) is similar.

Because2p — 2 < 2p we also obtain% < 1.

Thereforeloy = -1 + (UP,_; — Bo-1)%55>

Bg—1+ (Up,y — Bg-1) x 1 = Bg—1 +Up,; —
Bq—1 = upper?! becausek,_;...k; is also the
greatest positive modifier of the length— 1. So
oy < B = upper?. O

Lemma 2. For all k¥ € H we have:
loar < Brar < upy,.

Proof. By case analysis it is easy to deduce the fol-
lowing constraints:

loar < B < lopnr < Brm < Upy, < Upy, in
case (1),

loyr < By < 1ok < B = UPy < UPgyy N
case (),

oy < lokn < Brm < UPgpy < Bur < Upy in
case (ll),

0kar < loar = Brmr < UPy, < Bar < Upy, in
case (IV).

Thus, loy; < Bk < up,, holdsin all cases. O

Therefore we have the independence property of
concept modifiers:



Theorem 1. Let M; = 01hky.. .k and My =
OoWkq... k1, with bW/ k; € H, i = 1,q, be
two concept modifiers with the exponents, 5.
Let 5,6’ be the exponents ofhk,...k; and
hW'kq...k1. Then, we have thaB; < (. holds if

B<p.

Proof. Let M = k,...k1. Supposed; =
h,...h1. Since 6;hM is not the greatest posi-
tive modifier (because3 < '), we only need to
pay attention to the cases (l), (lll) and (1V). There
we always find Sny < up,y;, < upy. Thus,
B = Bhy.hihdt < UPh pinns SUPL_hhr <
- < UP s < UPy,, - Similarly, we can obtain:
o p < Ba.

Now we prove thatup,,, < 10/ .

Assuming 8 < (', we have to distinguish three
cases:

1. h and &’ are positive wrtM, with h = h,
W' =hj, orh=nh;, h=h; andj < j <p,
For j < j,ie., j <7 —1,0r25 <25 —2,it
follows

upy — Bu

. upy — Bur o
—a42 < 22 —
B+ D) (2,7) < Bu+ B) (23 2)7

or upy, s < |0h/]u.

2. h and i’ are negative wrtM/ : it is similar to
the positive case.

3. h is negative andh’ is positive wrt M : the
result follows immediately fromup,,,, < By <

Ioh/M .
O

Now we show, that our membership modifiers can
shift the membership degree of a given individual to
the modified concept arbitrarily withir0, 1) . First,
we prove the following lemma.

Lemma 3. Let My = {M |length(M) = q} be
the set of all concept modifiers containigghedges,
(loas, up,, ) be the interval for exponents of M

for every 6. Then

U [loar, upy,] = [lower**, upper’*!|
MeM;

Proof. Let us denoteM = hM', with h € H and
M’ containsqg — 1 hedges. By examining all four

cases (1), (1), (1) and (IV) we obtain:

lower?*! lower?™!]
if M’ = M is the
greatest neg. modifier

—1 +1
L o, Uppae ] = [upper?~*, upper?*!]

e if M’ = M is the
greatest pos. modifier
[IOM’a upM’]
otherwise
Besides,
U [oar,upy,] = [lower™", upper’~'|
M’'-~MandM'—M
Thus,
U [IOM7 upM] =
MeM;

U [U (lonr, UP, - ]]

M'eM;_, heH

= [lower?*! lower? U
[lower?~! upperi—1ju
[upper”~*, upper' ™|

= [lower?™! upperi™!]
O]

Theorem 2. For z € [0,4+00) and everye > 0
there exists a concept modified/ such that
|Bm — x| < €, where () is the exponent forM .

Proof. For the givenx, we can chooseg such that
z € [lower?™! upperit!]. By Lemma 3 there ex-
ists M € M, such thatz € [loy,upy]. So,
we have |3y — 2| < upy, — loy,. By examin-
ing the cases (I) and () it is easy to see that we
find an h € H such thatx € [lop, upy,,,] with
up, a; — lopas < Y219 This process continues
until we obtain aé such thatups,, — o5y <€
while = € [losar, Ups,,], and thus|Bsyr — | < e.

O

It follows that, given an individuald, m,n €
(0,1) and e, > 0, we can find a modified/ with
an exponents, such that

(d:A=n) = (d: MA =nP)

with [n® — m| < ¢, by applying the Theorem 2
with x = llf)g’:j and a suitably chosea. Hence, our
exponentialgmembership modifiers generate a family
of modified concepts from a primitive concept,




and change the membership degree of an individual
as an element of those.

Furthermore, there is a subsumption relation be-
tween modified concepts.

Theorem 3. Let C = MA and D = M'A be
two modified concepts from primitive concept,
and 3,3’ are the exponents oM, M’. Then, D
subsumeg” iff g > 3.

Proof. «: ﬁ > G pl|es 2# < 27 for all

x € [0,1], or (AZ(d))? < ( Z(d))?" for all indi-
viduals d. Itfollows( 1A)E(d) < (M'A)E(d) for
all d, or C*(d) < D*(d). Thus, D fuzzy sub-
sumesC.

=: Conversely, we needg > g to
hold so that (MA)Z(d) < (M'A)%(d) or
(AZ(d))? < (AZ(d))" istrueforalld andZ. [

Now we are ready to turn our attention to decision
procedures.

4 Decision procedure

In this section we present a decision procedure for
unsatisfiability in ALCrg . As usual, other prob-
lems can be reduced to an unsatisfiability problem,
e.g. the satisfiability problem:

Y ((wi,w2):R o n)
iff XU ((w1,ws): R e m)is unsatisfiable

YE(w:C omn)

iff U (w:C e n)isunsatisfiable

whereo isone of >, >, <, <, and e is the negated

operator <, <, >, >, respectively. The assertion of
type (« = n) is not explicitly considered here,
since it can easily be reduced to assertions using
and >:

YE(a=n) iff

YE{(e<n)y and T E{(a>n),

resp.

S (a=n) =y iff
S {a<n),{a>n) Y .

In this section we restrict ourselves to pure asser-
tional fuzzy knowledge base¥, i.e., knowledge
bases without concept definitions and concept spe-
cializations. In section 7 we discuss how this can be
extended.

Our unsatisfiability decision procedure closely
follows [11], but introduces a new set of rules for the
handling of concept modifiers. Starting from a set
S of fuzzy constraints, we apply propagation rules
to add “simpler” constraints preserving the satisfi-
ability. This process continues until we either find
some contradictory constraints ¢lsh, thus prov-
ing unsatisfiability, or if no more rules are applica-
ble. In the latter case we can construct a model from
the completed set of constraints. Due to the non-
deterministic nature of some of the rules, unsatisfia-
bility has to be proven for all possible choices in the
application of the rules. Thus, in general backtrack-
ing will be necessary to prove unsatisfiability.

S contains aclashiff it contains either one of
the unsatisfiable fuzzy constraintd. > n) where
n >0, (T <n) wheren <1, {(a <0), (a>1),
(L >mn),or (T <mn),or S contains a conjugated
pair of fuzzy constraints as in Table 3.

‘ (o < m) ‘ (a <m)
(a>n) | n>m n>m
(a>n) | n>m n>m

Table 3: The conditions, under which a row-column
pair of fuzzy constraints is conjugated.

Table 4 contains the rules for of calculus. We
have augmented the rules from [11] by the rules
(Ms), (M>), (M<) and (M.) to handle the
concept modifiers. All propagation rules have the
foom & — W if ', where® and ¥ are sets of
fuzzy constraints and’ is an optional condition de-
faulting to true. A rule can be applied to a s€tof
fuzzy constraints if the conditiod” holds wrt S,
® C S and ¥ contains constraints not yet con-
tained in S. As the result of the application the
constraints in¥ are added toS. An exception to
this application rule are the non-deterministic rules
(Us), (Us),(M<) and (N<), where ¥ is of the
form ¥, | ¥,. They can be applied if" holds
wrt S, ® C S and neither¥; nor ¥, is a sub-
set of S. The result of their application is non-
deterministically either the addition o¥; or the
addition of U5 to S.

A completionof a finite set of constraintsS' is
the result of the application of the rules in Table 4
starting with S until no more rules can be applied.
The calculus has thiermination propertyi.e., the
rules can only be applied finitely often to a finite set
of constraints: Since the assertions the rules add to
the set have smaller term sizes than the antecedents,
and each rule can be applied only once (or finitely
often in the case ofV>) and (3<)) to the same
antecedent, there can be no infinite chain of rule ap-
plications.



Example 2. Let us consider the following knowl-
edge basex :

“If a customer is very interested in a property, he
wants a producp that has that property” holds to a
degree more than 0.9:

(1) (p:—(Hattr,veryint) Ll wants> 0.9)

“The customer is interested in technics” 100.8 :
(2) (tech:int > 0.8)

“The productp has attribute technics” te> 0.7 :

(3) ((p,tech:attr> 0.7) .

We want to prove tha®: entails that the customer
wants productp to a degree of at least 0.9. That is,
we have to prove the unsatisfiability &i together
with the complement of the claim:

(4) (p:wants< 0.9)

Application of rule (U>) is non-deterministic. We
have to consider the case

(5) (p:wants>0.9) ,

which immediately yields a clash with (4). The other
case yields

(5) (p:—(Jattr,veryint) > 0.9) ,
(6") (p:Jattr,veryint <0.1) ,

Since (3) is conjugated td(p, tech) : attr < 0.1),
application of (3<) to (6) yields:

(7)) (tech:veryint <0.1)

Application of (M<) with exponentvery) = 2
gives

(8) (tech:int <0.316) ,

which clashes with (2). Thus, there is no clash-free
completion of X U {(4)} . Hence, it is unsatisfiable,
and consequenthE = (p:wants> 0.9) .

The discussed rules give us a decision procedure
for ALCFry , because we can construct a model for
a setS of constraints from a clash-free completion
of S or prove that there is no model fa§' if there
is no clash-free completion.

Theorem 4. A finite set of fuzzy constraintsS' is
satisfiable iff there exists a clash free completion
of S.

(w:=C <n) — (w:C>1—n)

(M>) (w:CND>n) —
(w:C >n),(w:D >n)

(V>) (wi:VR.C>n),yp — (we:C >n)

if ¢ is conjugated td(wy,ws): R < 1—n)

(3<) (wi:3R.C <n), vy — (we:C < n)

if ¢ is conjugated td(wy, ws): R < n)

(3>) (w:3IR.C>n) —

((w,z): R >n),(z:C >n)

if z is a new variable and there is mg
such that botH{(w, w’): R > n) and

(w':C > n) are already in the constraint set

(V<) (w:YR.C <n) —
((wy,z):R>1—=n),{x:C <n)

if z is a new variable and there is m¢
such that botH{(w, w’): R > 1 — n) and

(w':C < n) are already in the constraint set

(M>) (w:M(C)>n) — (w:C > n%>
if 8 = exponentM)

(M<) (w:M(C)<n) — (w:C<n¥)
if 5 = exponent)

Table 4: The rules of the decision procedure. In ad-
dition to the presented rules there are rules. ),
(m<), (M) ... (V<), (M), (M) for the strict re-
lations. These can easily be obtained from the rules
above by replacing> by > and < by <.



Proof. = : By case analysis it is easily verified that
the rules are sound, i.e., if we apply a rule to a satis-
fiable constraint-sefS;, the resultS, is satisfiable

as well, and thus, clash-free. Let us just give two
examples for the rule¢3<) and (M>).

(3<) : Assume(3<) is applicable, i.e.,S; con-
tains (wy : IR.C < n) and ((wy,ws): R > n) for
somew;,wy and1 > m > n > 0. ® Since S; is
satisfiable, there is an interpretatidn that satisfies
both (w; : IR.C < n) and ((w1,ws): R > n). If
(we : C < m) was not satisfied byZ, we would
have min{ R% (w?,w}),C*(wi)} = m > n, and
thus (3R.C)T > n according to Table 2. This con-
tradicts our assumption, i.e{(wy: C < m) is satis-
fied by Z, and thusS;.

(M>): Assume (M>) is applicable, i.e.,5;
contains (w: MA > n) for some W, n, and the
concept modifierM is applied to a primitive con-
cept A. Since S; is satisfiable, there is an in-
terpretation Z that satisfies(w : MA > n),
and thus (M A)*(w?) = (A)*(w?)? > n. Let
8 = exponentM). Since3 > 0 andn > 0 we
can conclude(4)Z(w?) > n?. Thus, S, is satis-
fied by 7 as well.

< AssumeS’ is a clash-free completion of.
We will now construct a model for the fuzzy con-
straints of S’ that only contain primitive concepts
or roles, and prove that it is a model 6f, and thus
S, as well.

Consider the interpretatiof such that the do-
main A’ is the set of objects appearing ifi’,
w? = w for all w € A7, and that maps the primi-
tive concepts and the roles to the median of the low-
est upper bound and the greatest lower bound given
in S’, inclusive the implicit constraints 0 and 1:
{n|{w:A>n)eStU

(n|(w:A>n)eS}u{0} )+

{n|{w:A<n)eSU )
{n|{w:A<n)eS'}tuU{1}

AT (w?) =
1

5 max
1 . (
— min
2

R (wi,w3) =

{n| (w1, w2):R>n) e S'}U

gmax | {n]((wy,wz): R>n) €S0 |+
{0}
1 {n| (w1, w2):R < n) €SIy

—min | {n| {(w,w2):R<n)e S}ty

2 {1}

SWe skip the similar other caséws : C' > m) with m > n
for the clash, here.
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It can easily be verified that this interpretation satis-
fies all constraints for primitive concepts and roles
given in S’ if S’ is clash-free. The satisfaction
of the other fuzzy constraints it are shown by
induction on the term structure of thedLCrpy -
formula in the constraints. Again, we limit ourselves
to the presentation of two cases for space reasons.

Case (w : VR.C' < n): Since S’ is complete,
there is aw’ such that{(w,z): R > 1 —n) and
(x:C < n)y arein S’ and are satisfied by by
induction assumptiof. Thus, there is aw’ € AT
such thatl — RZ(w?, w'*) < n and CZ(w'") < n,
and henceVR.C) < n.

Case (w : MA > n): Since S’ is complete,
(w:A > n%’> with 8 = exponentM) isin S’
and is satisfied byZ by induction assumption. Thus,
AZ(w%) > n¥, and since > 0 we have that
(M AT (w?) > n. O

5 Truth Bounds and Expressiv-
ity

In practice it is often important to determine bounds
for the truth values at which fuzzy constraints are en-
tailed or can be satisfied. For instance, for a knowl-
edge base: the lowest value of: (called thdower
truth bound such that ¥ = (k:technical> n)
might determine how much the customér is
interested in technical aspects. [11] proves for
FuzzyALC that n is one of the values occurring
in X, their complements, or one di0,0.5,1}. The
following example shows that this is not true for our
language. Thus, the binary search in the set sug-
gested in [11] does not suffice to calculate the truth
values in ALCrg . This also shows that our lan-
guage is strictly more expressive than FuzizZy¢' .

Example 3. Consider the satisfiability problem
(9) 0 [ (technicaln —verytechnical> n) .

As the reader can easily verify, this is satisfiable
whenevern is less thanl — x, where x is the so-
lution for 1 — 2 = 2 and 3 = exponentvery).

If we choose the hedges as in Example 1, we have
0 =2, and thus (9) is satisfiable iff, > 0.618. .. .

However, one can easily approximate the truth
bounds to any given precision by a binary search
in the interval [0,1]. E.g., starting from][0, 1],
an interval [I,u] for the lower truth bound forn
in ¥ E (k C > n) can successively be

6w’ is either the new variable introduced by the application
of (V<), orthe w’ that prevented the execution ¢f/ ).



halved to [“, u] or [I, 4] by checking whether

Y (k:C > “t) holds. It seems likely that the
application of constraint propagation techniques can
improve this process very much.

6 Complexity

Because the language Fuzdy.C' defined in [11]

is a subset ofALCry and we use a similar deci-
sion procedure, the PSPACE-hardness of deciding
entailment for FuzzyALC carries over to our lan-
guage. Another result that carries over is, that the
rules (3>), (3>), (V<) and (V<) for the quan-
tifiers 3 and V can lead to exponential space re-
quirements in a proof. [11] alleviates this problem
through the introduction of so callgdhce rulesfor

the quantifiers which reduce the number of variables
that need to be introduced in each completion, but
modify the decision procedure by introducing an-
other kind of non-determinism needed to still cover
all possibilities. We believe this can be done in our
case the same way. We try to give the reader a flavor
of this by the following small example, but refer the
reader to [11] for a more detailed discussion.

Example 4. Consider a set of constraints
S ={{e: (3r.c) >0.5),(e: (Ird) >05)}UT ,

where no rule other thar(3>), (3>), (V<) or
(V<) is applicable. The rulg3>) would usually
introduce two new variables and y yielding a set

(10) S =SU{{(w,z):r >n),(x:c>n),

(wyy)ir = n), (y:d =n))} .
As it turns out there is no need to have both new vari-
ables at the same time in the set, but it is possible to

check both of them independently. So we introduce
atrace rule corresponding t@> ) :

(I'3>) (w:3R.C>n) —
((w,z):R>n),(x:C > n)
if = is a new variable

and no((w,w"): R > n)

is already in the constraint sét.

Therule (T3>) is applicable toS in two ways that
yielding either

SW = SU{{(w,z):r>n), (z:c>n)}

"The reader may note, that at most one new variable is intro-
duced per role and¥" . This is not the case i3> ) .
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or
S® =S U{{{(w,y):r = n), {y:d=n))} .

In our decision algorithm it was sufficient to check
whether S has at least one clash-free completion to
conclude that it is satisfiable. However, when using
trace rules it is necessary to check that all ways of ap-
plying the trace rule, namelg) and S , have a
clash-free completion at the same time. On the other
hand each considered completion uses only polyno-
mial space.

7 Considering terminologies

So far, we have been concerned only with pure as-
sertional knowledge bases, leaving out concept defi-
nitions and specializations. SincéLCry is a con-
servative extension of Fuzz¢£L.C, the handling of
terminologies is the same as the approach used there
in [11]—we use knowledge base expansion as de-
vised in [10]. In short, for each fuzzy knowledge
baseY = ¥, UXr,whereX, contains only fuzzy
assertions andr contains only concept definitions
and concept specializations, we find a fuzzy knowl-
edge baseX’, that contains only assertions, such
that X', is satisfiable iff X is satisfiable. Roughly,
the expansion process works as follows:

1. We obtain ¥/, by replacing all concept spe-
cializations A :< C by concept definitions
A = C 1 A* with a new primitive concept
A* per conceptA .

2. ¥/, is created fromX,4 by replacing ev-
ery primitive conceptC' that has a definition
C := D in X, iteratively ¥4 by its defini-
tion D. This process repeats until there are no
more defined concepts iB’, .

Of course, this process requires that the concept def-
initions in X are not cyclic and there is only one
concept definition per concept. For a more extensive
discussion we refer to [11].

8 Subsumption

Like in FuzzyALC, a subsumption problem
C =x, D can be reduced to an equivalent sub-
sumption problemC’ =< D’ with an empty
terminology by an expansion process similar to the
process discussed in the previous section. Unfor-
tunately, the subsumption decision algorithm of
FuzzyALC' in [11] does not work in our logic due



to the richer structure of concepts. In Fuzy.C,
C =< D holds iff (a:C>m)={(a:D>m)
holds for m = ni,ny for some arbitrary values
0 <m < 3 and3j < ny < 1. However, in
ALCFrg this is not true, as the following exam-
ple shows. Consider the subsumption problem
A =< (A1 (molmolB L —veryveryB)) . Ob-
viously, this is not valid. However, it is easy
to check that (a:C>m)E{(a:D>m)
holds for, say, n; =04 and n,=0.6,
assuming exponentmol mol) = i and
exponentveryvery) = 4.2 We are currently
looking for another way to solve the subsumption
problem.

9 Discussion

Description logics are a widely accepted formalism

for representing and reasoning about a terminology
based on crisp concepts and relations. Fuzzy logic
is a widely accepted formalism for representing and
reasoning about non-crisp concepts and relations.
Surprisingly, there have been only few attempts to
combine the advantages of both within one system
that we are aware of, viz. [12] and [11].

In this paper we have presented the fuzzy descrip-
tion logic with hedgesALCrg . Itis a conservative
extension of Fuzzy4 LC defined by Umberto Strac-
cia in [11]. In [11] the classical description logic
ALC' is extended by interpreting concepts and rela-
tions as fuzzy sets, the correspondence of the fuzzy
semantics and the semantics of the equivalent “crisp”
ALC is discussed and decision procedures for the
entailment and subsumption problem have been de-
fined. We extend the fuzzy description logic given
there by concept manipulators whose semantics is
based on hedge algebras.

Christopher B. Tresp an Ralf Molitor [12] extend
ALC with membership manipulators, i.e., func-
tions that map the sef0, 1] of fuzzy truth values
to [0,1]. These can be applied to the fuzzy sets
representing concepts in order to construct new con-
cepts. The membership manipulators are restricted
to triangular functions orf0, 1]. Tresp and Molitor
also define a constraint propagation based method
for computing the degree of subsumption between
two concepts. However, their consequence relation
is counter-intuitive to us in some cases. In [12] a
conceptD is subsumed by a conceft by the min-
imum degree ofD being satisfied in interpretations
that mapC to 1. Consequently, they can draw ar-
bitrary conclusions from a premise which is never

8This is since (mol molB LI —very veryB)T € [0.877, 1] for
all BT .
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satisfied to degred, but, say, only t00.6. Such

a concept is discussed in Example 3. MLCrgy
membership manipulators are hedges and the sub-
sumption of modified concepts is based—as we be-
lieve quite intuitively—on the “less than or equal”
relation of the corresponding -values as shown in
Theorem 3.

We hope that this paper is the starting point of a
fruitful combination of description logic, fuzzy logic
and hedge algebras based on the idea of manipulat-
ing concepts by hedges. Indeed, many interesting
problems are yet to be solved. In [8] we admit-
ted concept modifiers only on primitive concepts,
whereas we now admit modifiers on complex con-
cepts as well. A problem with the approach chosen
here is that there are some cases that are likely to
confuse the user. Consider the terary(molint) .

Isn't it natural to expect, that this term has the same
meaning asvery molint ? However, this is not what
happens:

(very(molint))I = 77very(77mol(int1)) )
which is in general different than

(very m0|im)I = 77verymol(imI)) )
like, for example, whenexponentvery) = 2,
exponentmol) = 0.5 and exponentvery mol) =
0.75 as in example 1. We are looking for a solution
that captures the intuition that the discussed terms
have the same meaning.

In this paper we have only discussed the unsat-
isfiability problem. We believe that trace rules in-
troduced in [11] for Fuzzy4 LC can be extended to
deal with ALCrg , but this remains to be rigorously
shown. Whether there is a solution to the subsump-
tion problem as simple as in [11] is topic of further
research—as discussed, Straccias method does not
work unmodified.

Finding a good real-world application is vital
for the success of the proposed method. We be-
lieve that the field of intelligent user-adaptive e-
commerce systems provides such examples. We
are envisioning the use of the services provided by
FuzzyALC within a fuzzy rule engine in a web
shop system [3]. In such a shop the products are
provided with fuzzy attributes describing properties
and categorial memberships. The behavior of a user
is used to mechanically generate corresponding at-
tributes indicating the users interests. Given those
attributes as concepts, the shop operator can define
user stereotypes in FuzyLC, such that the mem-
bership of a user to one of those stereoypes can be
decided with the help of the satisfiability algorithm
in FuzzyALC . When the user is shown a new web



pages describing products, the presentation can be
adapted in various ways, such as giving personal-
ized recommendations based on the stereotype mem-
berships, or changing the layout of the web page to
emphasize product information that the system sup-
poses to be of particular interest to the user. Unfor-
tunately, these experiments are in their initial stage
only and we have no detailed results yet.
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