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Abstract

We present the fuzzy linguistic de-
scription logic ALCpr, an instance
of the description logic framework £L-
ALC with the certainty lattice char-
acterized by a hedge algebra. Beside
constructors of £-ALC, ALCp;, al-
lows the modification by hedges.
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1 Introduction

Description Logics (DLs) have been studied
and applied successfully in quite a lot of fields
(see e.g. [1]). To deal with vague and im-
precise information in real-world applications,
fuzzy ALC [8] introduces fuzzy concepts. As a
more general case of fuzzy ALC, a DL frame-
work £-ALC based on certainty lattices is pre-
sented in [9].

Humans typically use linguistic modifiers
(hedges) like “very”, “more or less” etc. to
distinguish, e.g. between an old man and a
very old one. In [10] Zadeh uses exponent
functions to represent hedges modifying fuzzy
sets, €.8. fyerya(u) = pa(w)?. In many hu-
man languages, there is almost a continuum of
phrases like “more or less”, “much less”, “pos-
sibly rather” and so forth expressing different
levels of emphasis. Hedge Algebras (HAs),
introduced in [6], give an algebraic character-
ization of such linguistic hedges. ALCrp [4]
and ALCpry [3] extend fuzzy ALC by allow-

ing the modification by hedges of HAs.
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In general, the domain of a HA can be rep-
resented as a lattice. Thus, an instance of
L-ALC, where the certainty lattice is a truth
domain represented by a HA, is a DL in which
the truth degree of an assertion is a linguis-
tic value, e.g., John is an element of a con-
cept Young with degree VeryTrue. The idea
is meaningful because in daily life, when be-
ing asked to assess the degree of a person be-
ing Young, it is usually easier to give a ver-
bal answer like, for example, Very_High or
Quite_ True, rather than to give a numerical
answer like, for example, 0.5 or 0.7.

In this paper, we present the fuzzy linguis-
tic DL ALCpy, which is such an instance
of L-ALC. Beside constructors of L£-ALC,
ALCpy, allows the modification by hedges.
Because the certainty lattice is characterized
by a HA, the modification by hedges be-
comes more natural than that in ALCpy and
ALCrrr. Moreover, we show that ALCpy,
overcomes the following drawback in ALC gy
and ALC FLH-

In ALCry and ALCprp, the hedge appli-
cation is ambiguous. For example, the con-
cept VeryMolY oung' can be interpreted as
(VeryMol)Y oung in which VeryMol is a
modifier, or Very(MolY oung) in which Very
and Mol are two different modifiers. Un-
fortunately, in both ALCrppy and ALCprpg
(VeryMol)Young #  Very(MolY oung).
Therefore, we may have

(a : Very(MolY oung) < 0.7)
E (a: (VeryMol)Y oung < 0.7),

Mol is an abbreviation for more-or-less



which is surprising.

The paper is structured as follows. In Sec-
tion 2, we discuss linear symmetric HAs and
restrict ourselves to monotonic HAs. Then,
ALC ry, is introduced in Section 3 and the sat-
isfiability problem is discussed in Section 4. A
brief conclusion in Section 5 concludes the pa-
per.

2 Logical Basis

2.1 Linear Symmetric Hedge Algebras

In order to define inverse mappings of hedges
later on with ease, we consider linear sym-
metric HAs only. The readers are referred to
[5, 6, 7] for general HAs.

Consider a truth domain consisting of
linguistic values, e.g., VeryVerylrue,
PossiblyMoreFalse, etc. In such a truth
domain the value VeryVeryTrue is obtained
by applying the modifier Very twice to the
generator True. Thus, given a set of gener-
ators G = {T'rue, False} and a nonempty
finite set H of hedges, the set X of linguistic
values is {dc | ¢ € G, 6 € H*}. Furthermore,
if we consider True > False, then this
order relation also holds for other pairs, e.g.,
VeryTrue > MoreTrue. It means that there
exists a partial order > on X.

In general, given nonempty finite sets G and
H of generators and hedges resp., the set of
values generated from G and H is defined as
X ={éc|ce G, 6 € H'}. Given a strictly
partial order > on X, we define u > v iff u >
voru = v. Thus, X is described by an ab-
stract algebra AX = (X, G, H,>).

Each hedge h € H can be regarded as a unary
function h : X — X, x — hx. Moreover, sup-
pose that each hedge is an ordering operation,
ie., Vhe H.Vx € X. hx > z xor hz < x. Let
I ¢ H be the identity hedge, i.e., Iz = x for
all x € X. A hedge chain ¢ is a word over
H, o € H*. In a hedge chain hy...hq, hy is
called the first hedge whereas hy, is called the
last one. For h,k € H, h and k are converse if
Ve € X. ha > x iff kx < x; h and k are com-
patible if Vo € X. ha > x iff kx > x; h mod-

ifies terms stronger or equal than k, denoted
by h >k, if Vo € X. (ha < kx < z) or (hx >
kx > z); h > kit h > kand h # k; h
is positive wrt k if Vo € X. (hkx < kx <
x) or (hkx > kx > x); h is negative wrt k if
Vo € X. (kx < hkx < x) or (kx > hkz > x).

The most commonly used HAs are symmetric
ones, in which there are exactly two gener-
ators, like e.g., G = {T'rue, False}. In this
paper, we only consider symmetric HAs. Let
G = {c,c} where ¢t > ¢. ¢" and ¢
are called positive and negative generators re-
spectively. The set H is decomposed into the
subsets Ht = {h € H | he® > c¢*} and
H~ ={h € H | he" < ¢*}. For each value
x € X, let H(zx) ={ox |0 € H*}.

An abstract algebra AX = (X,G,H,>),
where H # (), G = {c¢",c"} and X = {oc |
c € G,o € H*}, is called a linear symmetric
HA if it satisfies the following conditions:

(Al) Forallhe H" and k € H~, h and k are
converse.

(A2) The sets Ht U{I} and H~ U{I} are lin-
early ordered with the least element 1.

(A3) For each pair h,k € H, either h is posi-
tive or negative wrt k.

(A4) If h # k and hz < ka then h'he < k'kz,
for all h,k,h',k' € H and x € X.

(A5) If u ¢ H(v) and u < v (u > v) then
u < hv (u > hv, resp.), for any h € H.

Example 1. Consider o HA AX =
(X, {True,False},H,>), where H =
{Very, More, Probably, Mol}, and (i) Very
and More are positive wrt Very and More,
negative wrt Probably and Mol; (ii) Probably
and Mol are negative wrt Very and More,
positive wrt Probably and Mol.

H is decomposed into HT = {Very, More}
and H~ = {Probably, Mol}. In HT U{I} we
have Very > More > I, whereas in H~ U{I}
we have Mol > Probably > I.

Proposition 2 ([6]). For a linear symmetric
HA AX = (X,G,H,>), X is linearly ordered.

Given z = oc¢, where 0 € H*,c € {c*,c™ }, we
call y = oc the contradictory element of =z,
denoted by y = —x, if {¢,d'} = {¢",c7}. Let



x,y € X, we define V, A, and — as: xVy =
max(z,y);z Ay = min(x,y); x >y = —x Vy.

In [7], HAs are extended by adding two arti-
ficial hedges inf and sup defined as inf(z) =
infimum(H (z)), sup(z) = supremum(H (x)).
If H # 0, H(c") and H(c™) are infinite,
according to [7] inf(c¢™) = sup(c™). Let
W = inf(ct) = sup(c™), sup(True) =
1, inf(False) = 0, i.e., 1 and 0 resp. are the
greatest and the least elements of X. The fol-
lowing properties show that X can be used as
the truth domain for a non-classical logic.

Proposition 3 ([7]). For every symmetric
extended HA, the following properties hold:

1. —hx = h(—=x), for any h € H,;
2. ——x=z;, —1=0, —0=1, - W =W,
3. —(zVy) = (—z A —y),

~(@Ay) = (~aV —y);
4. xN—x < W <yV —y;
Sox>yiff —x < —y;
6. c—=y=—-y— —z;
T x—(y—2)=y—(z—2);
8 x—y>a —y
if x <2’ and/ory >y
9.1—-zx=x, ¢z—1=1,
0—ax=1, —0=—zx;
10. x »y>Wiffe <W ory>W;
11. x -y < W iffy <W and x > W;
12z —>y=14fce=0o0ry=1.

To define the semantics of the hedge modifi-
cation in our logic, we define the so-called in-
verse mapping of a hedge. In order to define
it with ease, let us consider some restrictions
for the HAs representing the truth domain. In
the rest of the paper, without stating other-
wise, "hedge algebra” means ”linear symmet-
ric hedge algebra”.

2.2 Hedge Algebras as Truth Domains

A HA AX = (X,G, H,>) is called monotonic
if each h € HT (H™) is positive wrt all k €
H™ (H™), and negative wrt all k € H~ (H™).

As defined, both sets Ht U{I} and H~ U{I}

are linearly ordered. However, HU{I} is not,
e.g.,in Example 1 Very € H' and Mol € H~

are not comparable. Let us extend the order
relation on HT U {I} and H~ U {I} to one
on H U{I} as follows: Given h,k € HU{I},
h>p,kifhe H k€ H ;or h,k € HYU{I}
and h > k; or h,k € H- U{Il} and h < k.
h>p kiff h >, kand h # k.

Example 4. The HA in Ezample 1 is
monotonic. The order relation >p, in HU{I}
s Very >, More >y I > Probably >, Mol.

Then, in monotonic HAs, hedges are
”context-free”, i.e., a hedge modifies the
meaning of a linguistic value independently
of preceding hedges in the hedge chain.

Proposition 5. Consider a monotonic HA
AX = (X, {ct,c"},H,>). Then,

h>,k <& hoct >koch (1)

Proof. By induction on the length of o:
Base step: o = e: obvious.

Induction step: Assume that (1) holds for o =
Iy ... hy and consider o’ = hy1hy ... hy.

(=) Assuming h >} k, we consider 2 cases:

(i) hpiihp...hict > h,...hict: be-
cause (1) holds for o, hpi1hy...hict >
hp...hict = Ihy ... hicT implies h,yq >p 1
and thus h,,1 € H*. There are 3 cases for h
and k:

eh € HVv k € H: because AX is
monotonic, h is positive w.r.t hppq
whereas k is negative w.r.t h,41. There-
fore, hhpi1...hict > hyy1...hict >
khpi1...hicT, ie., (=) holds for o’.

e,k € H" U{I} and h > k, i.e., hk
are positive w.r.t hpy1. Because h >
k, hhn+1 . h10+ > khn-H . h16+ >
hpit...hict, ie., (=) holds for o.

e hyk € H- U{l} and h < k: similar to
the previous case.

(11) hpiihy ... hict < hy ... hict: similar to
the previous case.

(<) Assume hoc™ > koc™. Suppose h <j, k,
then either h <, k or h = k. If h <, k, the
proof of (=) implies hoct < koct. If h =k



then hoct™ = koct. Thus, hoct < kocT,
which contradicts the assumption.

Hence, (1) holds for o of length n implies (1)
holds for ¢’ of length n+ 1. Consequently, (1)
holds for all o € H*. O

In Proposition 5, the last hedge is indepen-
dent of the others. Conversely, when being
the first hedge, it does not affect the meaning
of the others.

Proposition 6. Given a monotonic HA
AX = (X, {c",¢"},H,>). Then, Vh € H :
o1ct > o9ct < o1het > oghe™.

Proof. Let 01 = hy...h1, 02 = kq... k1. Be-
cause o1cT > oocT, we have o1 # 0o. Thus,
there exists n > 0 such that h,...h1 =
kn ...k and hpy1 # kpa1. We have

hp...hlc"' > kq...k10+

hptt ... hict > kpg1--. kict

Prt1 >h kng1

hpi1hn .. hihet > kyy1k, .. kihe™
hp...hlthr > kq...klhc+

te 0

Hence, o1c¢t > o9ct < o1he™ > oohe™. O

In the general case, when the generator is ei-
ther ¢ or ¢, a similar property holds.

Proposition 7. Consider a monotonic HA
AX = (X, {c",c"},H,>). We have o1c1 >
o9c & o1hey > oghes, for e, € {cT ¢}

The following corollary follows immediately.

Corollary 8. Consider a monotonic HA
AX = (X,{ct,c},H,>). Then, oic7 >
09Cy & 010c1 > 090cs.

Therefore, in monotonic HAs, a hedge is not
only independent of other hedges in the hedge
chain but also independent of the generators,
if it is the first or the last hedge in the chain.
This property will help us to define the con-
cept of inverse hedges in the next subsection.

2.3 Inverse Mappings of Hedges

In daily life, people often use words in relative
assessments, e.g., it is quite true that Robert

is very old”. As discussed in [10], assessments
like that can be considered as a composition
of an individual, e.g., Robert, a fuzzy pred-
icate, e.g., VeryOld, and a truth value, e.g.,
QuiteTrue. In the context of fuzzy DLs, the
above assessment is typically represented by

(VeryOld)* (Robert?) = QuiteTrue.

In a fuzzy linguistic logic [10], the following
two assessments are equivalent: ”it is true
that Robert is very old” and ”it is very true
that Robert is old”. It means that some-
how the modifier from the truth value can be
moved to the fuzzy predicate and vice versa.
This idea is formalized in [5] by the two follow-
ing rules represented in a DL representation:

RT1: (hC)*(a) = oc — C¥(a) = ohe
RT2: C*(a) = che — (hC)*(a) = oc

in which C'is a concept, hC a concept C' mod-
ified by a hedge h, a an individual, Z an inter-
pretation, o a hedge chain, and ¢ a generator
of the truth domain.

However, the rules are not complete. E.g., if
the truth-degree of “John is Young” is Very-
True and we want to compute the truth-
degree of “John is MoreYoung”, then no rules
are applicable. This problem motivates the
definition of a so-called inverse mapping of a
hedge, and based on this definition, a general-
ized version of rule (RT2).

Suppose that for each hedge h € H, there
exists a mapping A~ : X — X such that
h™(chc) = oc for all 0 € H*,c € G. Then
the rule (RT2) is generalized as follows:

GRT2 : C*(a) = 6¢c — (hC)*(a) = h™(dc).

Note that GRT2 becomes RT2 when oh = 4.

In the following, we define h~ formally by ax-
iomization. Given a monotonic HA AX =
(X,{c",c"},H,>) and a hedge h € H. Sup-
pose h™ : X — X is a mapping such that
h™(chc) = oc, force{ct,c7} (2

According to Propostion 7, oic1 > o9¢y &
orher > oghces. By (2), hf(O'thl) =



01C1, hi(O'QhCQ) = 09co. Hence, h*(alhcl) >
h=(o3hcy) < o1he; > oghce.  Generalizing
this idea, h™ should satisfy:

oi1c1 > 09ca < h™ (01c1) > h™ (02¢2)  (3)

Therefore, a mapping h~ : X — X is called
an inverse mapping of h iff it satisfies (2) and
(3). A question concerning the existence of
such mappings can be raised. Let us consider
the following example.

Example 9. Consider the HA given in Ez-

ample 1. For H(True), the inverse mappings
are defined as follows

oT ifo =19
V= (oT) = o .V7
oMolMolT otherwise.
oVVvT if o =46V,
M™(oT) = 6T ifo=0M,
oMolMolT otherwise.
oMolMolT if o =dMol,
P~ (oT) = 40T if o =P,
oVVvrT otherwise.
oT if o = d6Mol
Mol™ (oT) = ifo ‘ o
oVVT otherwise.

wn which T, V, M, and P stand for True, Very,
More, and Probably resp.

For H(False), the mappings are defined as
h=(cFalse) = —h~ (cTrue) for each h € H.

It is easily verified that these mappings satisfy
(2) and (3).

Given hedges h1, ..., hy, one may need to con-
struct an inverse mapping (h,...h;)” : X —
X of a hedge chain hy, . .. h1. On the one hand,
we expect (hy...h1)"(ohy...hic) = oc. On
the other hand, we have
hpf(. .. (hgi(hlf(ahp - hghlc))) .. )
= hy (...(ha" (ohy...hoc))...)

= hy (ohpc) =oc
Therefore, (hy...h1)~
(hp...h1) (oc) =hy (... (h1 (0c€))...) (4)

We have the following property which is the
general case of Corollary 8.

can be defined as

Proposition 10. Consider a monotonic HA
AX = (X,{c",c"},H,>), a hedge chain &
and its inverse mapping 6—. Then, oic1 >
092Cy iﬁ5_(0101) > 5_(0'262).

Proof. Let 6 = hp...h1. According to
(4), 6 (cc) = hy (..(h1 (0cC))...).
According to (3), we have ojc; >
O9Cy & hl_(olcl) > hl_(O'QCQ) =
= hp_(--'(hl_(o-lcl))'--) >
hp,(...(h17(0_202))“.). ]

3 ALCpp

This section discusses the fuzzy linguistic de-
seription logic ALCpr, i.e., a DL in which the
truth domain of interpretations is represented
by a hedge algebra.

The syntax of ALCpy, is similar to that of £-
ALC except that ALC py, allows concept mod-
ifiers. Hence, ALC py-concepts are defined by

A|T|L|~C|CND|CuUD|SC|3R.C|VR.C,

where A denotes primitive concepts, R roles,
C and D concepts, and ¢ modifiers.

The semantics is based on the notion of in-
terpretations. Given a monotonic HA AX =
(X, {True, False}, H,>), an interpretation Z
is a pair (AZ,Z) in which AZ is a non-empty
set and - is a mapping, which maps different
individuals to different elements in AZ, con-
cept C to a function CT : AT — X and role
R to a function R : AT x AT — X. The
extension of Z for complex concepts is

TZ(d) = sup(True) for all d € AT,
( CJ;EZ% = ingf(c;l)se) for all d € AZ,
(€MD) = CZ(d) A DX(d),
“orn = e,
(VRO(d) = Ppens(~FX(d d) v CH(d),
(BROY () = Vygear(RH(d,d) ACH(d)),

where A,V are the meet and join operations
resp., —z is the contradictory element of z,
and ¢~ is the inverse of the hedge chain 9.

Fuzzy assertions are expressions of the forms
(avo x) where o € {>,>,<, <}, « is of type



a:Cor(a,b): R, and z € X. Fuzzy termino-
logical axioms, the semantics of fuzzy asser-
tions and terminological axioms are defined
similarly to those in [3, 4, 8, 9].

The following semantic equivalences are
proved easily because the HA in consideration
is linear:

Proposition 11.

6(=C) = =4(0),
s(CnD) = §(C)ns(D),
S(CUD) = §(C)uUs(D),
51((520) = ((5152)0

For instance, Very(MolC) = (VeryMol)C.
Therefore the drawback of ALCrpy and

ALCprg specified in Section 1 is solved in
ALCry,.

4 The Satisfiability Problem

Similarly to fuzzy ALC, ALCry, ALCprH,
and L£-ALC, in ALCpy, the entailment prob-
lem can be converted to the satisfiability prob-
lem, which can be solved by a tableau algo-
rithm. As usual, starting from a set S of fuzzy
constraints, the propagation rules are applied
step by step to add ”simpler” constraints pre-
serving the satisfiability. This process termi-
nates and gives a completion set to which no
rules are applicable. If there is no clash in the
completion set, we can construct a model for
S, otherwise, S is unsatisfiable.

A set S of fuzzy constraints contains a clash
iff it contains either one of the unsatisfiable
constraints (a: L > z) where z >0, (a: T <
x) where x < 1, (¢ <0),(¢p > 1),(a: L > z),
or {(a: T < z), or S contains a conjugated
pair of fuzzy constraints as in Table 1.

Our calculus for solving the unsatisfiability
problem in ALC gy, consists of transformation
rule RT1 and a set of constraint propagation

[ (a<y) [{a<y) ]
x>y
x>y

(o > x)
(a > )

x>y

x>y

Table 1: Conjugated pairs

rules. All rules except the ones that han-
dle concept modifiers are similar to those for
fuzzy ALC, but not as complicated as those
for L-ALC. The reason is that in a general
lattice, for incomparable elements v and v we
have u A v,u Vv ¢ {u,v}, but in ALCpL we
always have u A v,u Vv € {u,v} because the
HA in consideration is linear. Therefore, rules
handling —, M, LI, V, and 3 constructors are ob-
tained by replacing n by oc, 1—n by o¢, where
¢ = —c, in those rules for fuzzy ALC. Due to
the lack of space, we do not show all of them
here but some examples. The complete set of
rules can be found in [2].

(w:=C>o0c) — (w:C < oc) (—>)

(w:CND>oc)— (w:C >oc), (M>)
(w:D > oc)

(w1:3R.C < 0¢), ¥ — (wy:C < oc) (3<)

if 1) is conjugated to ((wy,w2): R < oc)

(w:YR.C < oc) (V<)
— ((w,z):R > 0¢),(z:C < oc)
if z is a new variable and there is no w’
such that both ((w,w’): R > o¢) and
(w':C < oc) are already in the

constraint set.

For concept modifiers, we add four new rules

(0>),(0>), (0<) and (0<) as follows:

(w:0C > oc) — (w:C > gdc) (0>)
(w:0C > oc) — (w:C > gdc) (6s)
(w:0C < oc) — (w:C < gdc) (0<)
(w:dC < oc) — (w:C < gdc) (0<)

Proposition 12. A finite set S of fuzzy con-
straints is satisfiable iff there exists a clash-
free completion of S.

Proof. Because the HA representing the truth
domain is linear, the argument is similar to
the ones for fuzzy ALC in [8] except for the
rules handling hedge modifiers. Hence, we fo-
cus on these rules only in order to save space.

(=) By case analysis, it is easily verified that
the rules are sound, i.e., if we apply a rule to
a satisfiable set S of constrants, the result S



is also satisfiable, and thus, clash-free. Let us
consider the rule (§>), for rules (), (6<) and
(0<), similar arguments can be used.

(0>) Assume that (d>) is applicable, i.e., S;
contains (w : 6C > oc) for some w,oc,
and modified concept C. Since S is
satisfiable, there exist an interpretation
7 that satisfies (w : 6C > oc), ie,
)Y (w?) > oe. Let (6C)Y (w?) =
vco > oc¢, 6 = hy ... hy where p > 0,h; €
HYi = 1...p. Applying RT1 p times,
we have CT(wl) = ~vh,...hico = Ydco.
There are two cases: ycg = oc or ycg >
oc. In the first case, y¢9 = oc im-
plies vécg = odc. In the second case,
according to Corollary 8, vcg > oc <
vdcg > odc. Therefore, we always have
yocy > ode. Hence, CT(w?) > oéc, i.e.,
7 satisfies (w: C' > odc) and Sy as well.

(<) Assume S’ is a clash-free completion of
S. Let us construct a model for the fuzzy
constraints in S’ that contains only primitive
concepts or roles, and prove that it is a model
of §’, and S as well.

Since S’ is clash-free, for each concept A and
element w that appear in S’ in the form (w :
Aox), there exists a non-empty set 7(A, w) =
{zo € X |V(w: Aoz) € §".xg 0 x} in which
o € {<,<,>,>}. Similarly, for each role R
and pair (w1, w9) that appear in S’ in the form
((w1,ws) : Rox), there exists a non-empty set
T(R,wi,ws) = {xo € X | V((w1,w2) : Rox) €
S".xp oz} in which o € {<, <, >, >}

Consider an interpretation Z such that the
domain A7 is the set of objects appearing
in 8, Yw € ATw! = w, and AZ(w?) €
(A, w), R (unt, wol) € 7(R, w1, ws).

It is easily verified that this interpretation sat-
ifies all constraints for primitive concepts and
roles in S’ if S’ is clash-free. The satisfaction
of the other fuzzy constraints in S’ are shown
by induction on the structure of the ALCpy,
-formula in the constraints. Once again, let
us just represent one case for space reasons.

Case (w : 60C > oc) Because S’ is com-
plete, (w : C > odc) is in S’ and is sat-
isfied by Z by induction assumption, i.e.,

Ct(w?) > odec. Let CT(w?) = ~ep >
odc. According to Proposition 10, we have
yeo > odc = 0 (yep) > 9 (0dc). Since
CT(w?) = 7cp, we have(6C)E (w?) = 6~ (yco).
Besides, 6~ (06c) = oc. Hence, (6C)(w?) =
07 (vep) > 6 (00c) = oc. Therefore, T satis-
fies (w : 0C > oc). O

Let us close the section by an example to
demonstrate how the calculus works.

Example 13. Consider a knowledge base X:
”A car is a sport car if it is very likely that

it can run very very fast” holds to a degree at
least True. In particular, for Audi_TT cars:

(tt - ~(3speed.VV Fast) L Sport > True)

(5)
"An Audi-TT car can run at 250km/h” holds

to a degree more than more-or-less True:
((tt,250) : speed > MolT'rue) (6)

"250km/h is fast” holds to a degree at least
More True:

(250 : Fast > MTrue) (7)

We want to prove that X entails that
"Audi_TT cars are sport cars” to a degree
more than Probably True. That is, 3 together
with (8) is unsatisfiable.

(tt - Sport < PTrue) (8)

The rule (Us) gives two choices:
(tt : =(Ispeed. V'V Fast) > True)  (9)
(tt : Sport > True) (10)

The latter immediately yields a clash with (8).
The application of the rule (—=>) on the former
one gives:

(tt : (Ispeed. V'V Fast) < False) (11)

Since (6) is conjucated to ((tt,250) : speed <
False), rule (3<) yields:

(250 : VV Fast < False) (12)
Rule (0<) applying on (12) yields

(250 : Fast < V'V False) (13)
which clashes with (7).

Hence, there is no clash-free completion of
Y U{(@®)}, de, X U{(B)} is unsatisfiable.
Therefore, 2 = (tt : Sport > PTrue).



5 Conclusions

In the paper, we have presented the fuzzy
linguistic DL. ALCpr, where the truth do-
main is represented by a monotonic HA. The
main feature is that an element a belongs to
a concept C' with a degree specified by a lin-
guistic value, which itself is part of a lattice
represented by a HA. Besides, ALC gy, allows
the modification by hedges. Furthermore, the
ambiguity of the hedge application in ALC pgy
and ALC gy is solved in ALC py,. To the best
of our knowledge, no DL that not only allows
the modification by hedges but also computes
directly with words has been proposed.

A sound and complete decision procedure for
the satisfiability problem in ALCry, has been
also presented. In the future, we plan to con-
sider the subsumption problem in ALCpy,.

Note that in this paper, we restrict ourselves
to linear HAs in order to define inverse map-
pings of hedges with ease. In the general case
of HAs [7, 5], where there are some incompa-
rable hedges in H™ or H™, e.g., Possibly with
Approximately, the domain becomes a lattice
instead of linear. Thus, our further work is to
extend our logic to the case where the truth
domain is not linear.
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